Abstract. This paper investigates group decision making problems in which the criterion values take the form of interval-valued intuitionistic uncertain linguistic numbers (IIULNs). First, some additive operational laws of IIULNs are defined. Subsequently, some new arithmetic aggregation operators, such as the interval-valued intuitionistic uncertain linguistic weighted averaging (IIULWA) operator, interval-valued intuitionistic uncertain linguistic ordered weighted averaging (IIULOWA) operator and interval-valued intuitionistic uncertain linguistic hybrid aggregation (IIULHA) operator, are proposed which are based on the operational laws. Furthermore, an approach to group decision making with interval-valued intuitionistic uncertain linguistic information is developed, which is based on the IIULWA and IIULHA operators. Finally, an illustrative example is provided to demonstrate the feasibility and effectiveness of the proposed method.
Introduction
There are many different types of multi-criteria decision making (MCDM) problems, for example those that deal with issues such as: military system performance evaluation; personnel evaluation; venture capital; online auction; supply chain management; and medical diagnostics. Part of the decision making process involves forming an assessment and instead of using precise numerical values for this purpose, a more realistic approach may be to use linguistic assessments by means of linguistic variables, i.e., variables whose values are not exact numbers but linguistic terms, such as "very poor", "poor", "fair", "good", and "very good". Therefore, the linguistic MCDM approach has been attracting increasing attention in recent years (Merig et al., 2012; Wang et al., 2014a Wang et al., , 2015a Wei, 2011; Xu, 2012; Yang and Wang, 2013; Zeng et al., 2012 ).
An assumption exists when using linguistic variables, that the membership degree of an element to a linguistic term is 1, which does not adequately describe the decisionmaker's confidence level when making a judgment. Wang and Li (2010) defined the concept of the intuitionistic linguistic number (ILN) based on the concept of the intuitionistic fuzzy set (Atanassov, 1986) and its applications in the MCDM field (Wang and Zhang, 2013; Xu and Cai, 2010; Zeng et al., 2013; Zhao and Wei, 2013) . These authors described the membership degree and non-membership degree of an element to a linguistic label, which can reflect the decision-maker's confidence level when they are making an evaluation. There has been a great deal of research in the area of intuitionistic linguistic MCDM problems, for example, Wang and Li (2010) proposed the intuitionistic linguistic weighted arithmetic averaging (ILWAA) operator and intuitionistic linguistic weighted geometric averaging (ILWGA) operator, and applied them to MCDM problems in which the criterion values take the form of ILNs; Liu (2013a) proposed the intuitionistic linguistic generalized dependent ordered weighted average (ILGDOWA) operator and intuitionistic linguistic generalized dependent hybrid weighted aggregation (ILGDHWA) operator, and applied them to group decision making with intuitionistic linguistic information; Wang et al. (2014c) developed the intuitionistic linguistic ordered weighted averaging (ILOWA) operator and intuitionistic linguistic hybrid aggregation (ILHA) operator, and developed a group decision making approach based on these operators.
It can be ascertained from the work of authors such as Liu (2013a) , Wang and Li (2010) , and Wang et al. (2014c) , that an ILN is characterized by a linguistic term, a membership degree and a non-membership degree. It is noteworthy that, on one hand, in many situations the given linguistic arguments may not match any of the original linguistic terms and may be located between two of these terms. This could be due to a lack of knowledge, time pressure, and people's limited expertise when it comes to solving problems. In such cases, it is more suitable to deal with vagueness and uncertainty by letting them take the form of uncertain linguistic variables (Lan et al., 2013; Wang et al., 2015d Wang et al., , 2015c Xu, 2006 Xu, , 2004b . Alternatively, sometimes it is inappropriate to assume that the membership degree and non-membership degree have been defined precisely. The authors would also highlight another uncertainty, which is motivated by the interval-valued intuitionistic fuzzy set (see Atanassov and Gargov, 1989) whose fundamental characteristic is that the values of its membership function and nonmembership function are interval numbers rather than exact numbers. This uncertainty arises because the membership degree or non-membership degree is no longer a number, but a whole interval. Therefore, based on uncertain linguistic variables (Lan et al., 2013; Xu, 2006) and the interval-valued intuitionistic fuzzy set (Atanassov and Gargov, 1989; Huang et al., 2013; Wang et al., 2015b; 2014b; Yu, 2013) , Liu (2013b) developed the following: the concept of interval-valued intuitionistic uncertain linguistic number (IIULN); some multiplicative operational laws of IIULNs; some interval-valued intuitionistic uncertain linguistic weighted geometric operators (such as the intervalvalued intuitionistic uncertain linguistic weighted geometric average (IVIULWGA) operator, interval-valued intuitionistic uncertain linguistic ordered weighted geometric (IVIULOWG) operator and interval-valued intuitionistic uncertain linguistic hybrid geo-metric (IVIULHG) operator); and a group decision making approach with interval-valued intuitionistic uncertain linguistic information. In this paper, some additive operational laws of IIULNs will be defined and some interval-valued intuitionistic uncertain linguistic arithmetic aggregation operators will be proposed, before applying them to group decision making. This paper is therefore organized as follows. In Section 2, some additive operational laws of IIULNs are defined, and a simple method for the comparison between two IIULNs is presented. In Section 3, some new arithmetic aggregation operators, such as the intervalvalued intuitionistic uncertain linguistic weighted averaging (IIULWA) operator, intervalvalued intuitionistic uncertain linguistic ordered weighted averaging (IIULOWA) operator and interval-valued intuitionistic uncertain linguistic hybrid aggregation (IIULHA) operator, are proposed, and various desirable properties of these operators are established. In Section 4, an approach to group decision making, in which the criterion values are expressed as IIULNs and the criterion weight information is known completely, which is based on the IIULWA operator and the IIULHA operator is developed. In Section 5, an example is provided in order to illustrate the application of the developed approach. Finally, conclusions are drawn in Section 6.
Preliminaries
Suppose that S = {s θ | θ = 0, 1, . . . , 2l} is an additive linguistic term set (Herrera et al., 1996; Herrera and Martnez, 2000) , where l is a positive integer, s θ represents a possible value for a linguistic variable, and s θ has the following characteristics: (1) if a > b, then s a > s b ; and (2) the negation operator is defined as: neg(s a ) = s b such that a + b = 2l. For example, when l = 4, then S can be defined as: S = {s 0 = extremely poor, s 1 = very poor, s 2 = poor, s 3 = slightly poor, s 4 = fair, s 5 = slightly good, s 6 = good, s 7 = very good, s 8 = extremely good}.
To preserve all the information provided, Xu (2004a) proposed that the discrete linguistic term set S should be extended to a continuous linguistic term setS = {s θ |θ ∈ [0, q]}, in which s a > s b if a > b, and q (q > 2l) is a sufficiently large positive integer. (Xu, 2004b) : Wang and Li, 2010 .) Let X be a universe of discourse, s θ(x) ∈S, then an ILN set A in X is an object having the following form:
where s θ(x) is a linguistic term, the functions µ A (x) and ν A (x) determine the degree of membership and the degree of non-membership of the element x to the linguistic evaluation s θ(x) , respectively, and
with the condition 0 µ A (x) + ν A (x) 1, ∀x ∈ X.
For convenience, Wang and Li (2010) 
From Definition 2, it can be seen that the ILN s θ(x) , µ A (x), ν A (x) is characterized by the linguistic evaluation s θ(x) , the membership degree µ A (x) and the non-membership degree ν A (x) of the element x to the linguistic evaluation s θ(x) . However, in some situations, the linguistic evaluation may be expressed as uncertain linguistic variables rather than original linguistic terms (Xu, 2004b; 2004c) . Furthermore, the membership degree and the non-membership degree may take the form of interval numbers rather than exact numbers (Atanassov and Gargov, 1989) . Therefore, Liu (2013b) extended the ILN set, and defined the concept of an IIULN set as follows. Liu, 2013b .) Let X be fixed,s(x) ∈S, then an IIULN setÃ in X is defined as follows:
, with the condition 0 supμÃ(x) + supνÃ(x) 1, for each x ∈ X. The intervalsμÃ(x) andνÃ(x) represent, respectively, the membership degree and the non-membership degree of the element x to the uncertain linguistic evaluations(x).
LetπÃ(x) = 1 −μÃ(x) −νÃ(x) for all x ∈ X, thenπÃ(x) is called the degree of hesitancy of x tos(x). 
It can be easily proven that all of the above results are also IIULNs and that the following relationships are true.
Based on the expected value function and accuracy function of the IIULN proposed by Liu (2013b) , a score function and a new accuracy function of IIULN, are now defined, and a method for comparing two IIULNs is also proposed.
be an IIULN, the score and the degree of accuracy of β can be evaluated by a score function h(β) and a new accuracy function u(β) shown respectively as follows:
Interval-Valued Intuitionistic Uncertain Linguistic Aggregation Operators
To date, many aggregation operators have been proposed for aggregating information (Xu and Da, 2003) . The weighted arithmetic averaging (WAA) operator (Harsanyi, 1955) and the ordered weighted averaging (OWA) operator (Yager, 1988) are two of most common operators used to aggregate arguments. In the 10 to 20 years, the WAA operator and the OWA operator have been extended to accommodate fuzzy and uncertain situations. For example: Bordogna et al. (1997) and Herrera and Herrera-Viedma (1997) extended these two operators to accommodate situations where the input arguments take the form of linguistic variables; Xu (2006 Xu ( , 2004b extended them to accommodate situations where the input arguments are in the form of uncertain linguistic variables; and Xu (2007) extended them to accommodate situations where the input arguments are intuitionistic fuzzy numbers. In the following section, based on Definition 4, the WAA operator and the OWA operator are extended to accommodate situations where the input arguments are in the form of IIULNs. Moreover, some new arithmetic aggregation operators are developed, such as the IIULWA operator, the IIULOWA operator and the IIULHA operator.
3.1. The IIULWA Operator and the IIULOWA Operator
. . , n) be a collection of IIULNs, and w = (w 1 , w 2 , . . . , w n ) T be the weight vector of β j (j = 1, 2, . . . , n),
w j = 1, and let IIULWA: n → , if
then IIULWA is called an IIULWA operator of dimension n. Especially, if w = (1/n, 1/n, . . . , 1/n) T , then the IIULWA operator is reduced to the interval-valued intuitionistic uncertain linguistic arithmetic averaging (IIULAA) operator of dimension n, which is defined as follows:
of IIULNs, and w = (w 1 , w 2 , . . . , w n ) T be the weight vector of β j (j = 1, 2, . . . , n), with w j ∈ [0, 1] and
Proof. In the following, (10) is proved using mathematical induction on n.
(1) When n = 2, since
Thus, (10) holds for n = 2.
(2) If (10) holds for n = k, that is
then, when n = k + 1, by the operational laws in Definition 4, we have
i.e. (10) holds for n = k + 1. Therefore, (10) holds for all n ∈ N , which completes the proof of Theorem 1.
Theorem 2 (Properties of IIULWA). Let
(j = 1, 2, . . . , n) be a collection of IIULNs, and w = (w 1 , w 2 , . . . , w n ) T be the weight vector of β j (j = 1, 2, . . . , n), with w j ∈ [0, 1] and n j =1 w j = 1, then the IIULWA operator has the following properties.
(1) (Idempotency): if β j = β for all j , then IIULWA w (β 1 , β 2 , . . . , β n ) = β.
(2) (Boundary): min{β 1 , β 2 , . . . , β n } IIULWA w (β 1 , β 2 , . . . , β n ) max{β 1 , β 2 , . . . , β n }. (3) (Monotonicity): if β j β * j for all j , and β * j (j = 1, 2, . . . , n) is a collection of IIULNs, then IIULWA w (β 1 , β 2 , . . . , β n ) IIULWA w (β * 1 , β * 2 , . . . , β * n ).
. . , n) be a collection of IIULNs. An IIULOWA operator of dimension n is a mapping IIULOWA: n → , that has an associated weight vector ω = (ω 1 , ω 2 , . . . , ω n ) T such that ω j ∈ [0, 1] and n j =1 ω j = 1. Furthermore,
where (τ (1), τ (2), . . . , τ (n)) is a permutation of (1, 2, . . . , n) such that β τ (j −1) β τ (j ) for all j . Especially, if ω = (1/n, 1/n, . . . , 1/n) T , then the IIULOWA operator is reduced to the IIULAA operator.
Similar to Theorem 1, the following can be stated.
, s n j=1 ω j φ β τ (j)
,
where ω = (ω 1 , ω 2 , . . . , ω n ) T is the weight vector related to the IIULOWA operator, with ω j ∈ [0, 1] and n j =1 ω j = 1, which can be determined similar to the OWA weights (Xu, 2005) .
Theorem 4 (Properties of IIULOWA). Let
(j = 1, 2, . . . , n) be a collection of IIULNs, and ω = (ω 1 , ω 2 , . . . , ω n ) T be the weight vector related to the IIULOWA operator, with ω j ∈ [0, 1] and n j =1 ω j = 1, then the IIULOWA operator has the following properties.
(1) (Idempotency): if β j = β for all j , then IIULOWA ω (β 1 , β 2 , . . . , β n ) = β.
(2) (Boundary): min{β 1 , β 2 , . . . , β n } IIULOWA ω (β 1 , β 2 , . . . , β n ) max{β 1 , β 2 , . . . , β n }. (3) (Monotonicity): if β j β * j for all j , and β * j (j = 1, 2, . . . , n) is a collection of IIULNs, then IIULOWA ω (β 1 , β 2 , . . . , β n ) IIULOWA ω (β * 1 , β * 2 , . . . , β * n ).
(4) (Commutativity): if (β 1 ,β 2 , . . . ,β n ) is any permutation of (β 1 , β 2 , . . . , β n ), then IIULOWA ω (β 1 , β 2 , . . . , β n ) = IIULOWA ω (β 1 ,β 2 , . . . ,β n ).
From the above, it can be seen that the IIULOWA operator has commutativity, whereas the IIULWA operator does not have this property.
Apart from the properties outlined above, the IIULOWA operator has the following desirable results. and β τ (j ) is the j th largest of β i (i = 1, 2, . . . , n), then IIULOWA ω (β 1 , β 2 , . . . , β n ) = β τ (j ) .
The IIULHA Operator
From Definitions 7 and 8, it is known that the IIULWA operator weights only the IIULNs, whereas the IIULOWA operator weights only the ordered positions of the IIULNs. To overcome this limitation, an IIULHA operator is now developed, which weights both the given IIULNs and their ordered positions.
. . , n) be a collection of IIULNs. An IIULHA operator of dimension n is a mapping IIULHA: n → , which has an associated vector ω = (ω 1 , ω 2 , . . . , ω n ) T with ω j ∈ [0, 1] and
where β ′ τ (j ) is the j th largest of weighted IIULNs (nw 1 β 1 , nw 2 β 2 , . . . , nw n β n ), w = (w 1 , w 2 , . . . , w n ) T is the weight vector of β j (j = 1, 2, . . . , n), with w j ∈ [0, 1] and n j =1 w j = 1, and n is the balancing coefficient.
Furthermore, similar to Theorem 1, we have IIULHA w,ω (β 1 , β 2 , . . . , β n )
Theorem 6. If ω = (1/n, 1/n, . . . , 1/n) T , then the IIULHA operator is reduced to the IIULWA operator.
which completes the proof of Theorem 6.
Theorem 7.
If w = (1/n, 1/n, . . . , 1/n) T , then the IIULHA operator is reduced to the IIULOWA operator.
Proof. If w = (1/n, 1/n, . . . , 1/n) T , then β ′ j = β j , j = 1, 2, . . . , n, thus
This completes the proof of Theorem 7.
From Theorems 6 and 7, it is known that the IIULHA operator generalizes both the IIULWA operator and the IIULOWA operator at the same time, and can reflect the importance degrees of both the given IIULNs and their ordered positions.
A Group Decision Making Method Based on the IIULWA and IIULHA Operators
Consider a group decision making problem with interval-valued intuitionistic uncertain linguistic information. Let A = {A 1 , A 2 , . . . , A m } be the set of alternatives, I = {I 1 , I 2 , . . . , I n } be the set of criteria, and w = (w 1 , w 2 , . . . , w n ) T be the weight vector of I j (j = 1, 2, . . . , n) with w j 0 and n j =1 w j = 1. Let D = {d 1 , d 2 , . . . , d t } be the set of decision-makers, and e = (e 1 , e 2 , . . . , e t ) T be the weight vector of d k (k = 1, 2, . . . , t) with e k 0 and
are the criterion values of the alternatives A i with respect to the criteria I j given by the decision-makers d k (i = 1, 2, . . . , m; j = 1, 2, . . . , n; k = 1, 2, . . . , t), and ] with respect to I j given by d k , respectively (i = 1, 2, . . . , m; j = 1, 2, . . . , n; k = 1, 2, . . . , t).
In the following steps, the IIULWA and IIULHA operators are applied in order to develop a group decision making approach, in which the criterion values take the form of IIULNs and the criterion weight information is known completely.
Step 1. Normalize the decision matrices
t).
For the benefit-type criteria, there is nothing to do; for the cost-type criteria, the linguistic negation operator s θ(β
and s φ(β
is utilized to make the uncertain linguistic evaluation values normalized.
Step 2. Utilize the IIULWA operator
to aggregate the criterion values of the line of the decision matricesR (k) = (β (k) ij ) m×n (k = 1, 2, . . . , t) and derive the individual overall valuesβ
] of the alternatives A i (i = 1, 2, . . . , m) given by the decision-makers d k (k = 1, 2, . . . , t).
Step 3. Utilize the IIULHA operator
i , . . . ,β
to derive the collective overall
] of the alternatives A i (i = 1, 2, . . . , m), where v = (v 1 , v 2 , . . . , v t ) T is the weighting vector of the IIULHA operator with v k 0 and
] is the kth largest of weighted IIULNs (te 1β
( 1) i , te 2β (2) i , . . . , te tβ (t ) i ), (τ (1), τ (2), . . . , τ (t)) is a permutation of (1, 2, . . . , t), and t is the balancing coefficient.
Step 4. Utilize (6) to calculate the scores h(β i ) of the collective overall valuesβ i of the alternatives A i (i = 1, 2, . . . , m).
Step 5. Rank all the alternatives A i (i = 1, 2, . . . , m), and then select the best one in accordance with h(β i ) (i = 1, 2, . . . , m) (if there is no difference between two scores h(β i ) and h(β p ), then it is necessary to calculate the accuracy degrees u(β i ) and u(β p ) of the collective overall valuesβ i andβ p by using (7), and then rank the alternatives A i and A p , in accordance with the accuracy degrees u(β i ) and u(β p )).
An Illustrative Example
Suppose that there is a risk investment company, which wants to invest a sum of money in the best option. There is a panel with four alternative enterprises A i (i = 1, 2, 3, 4) in which to invest the money: A 1 is a computer company; A 2 is a car company; A 3 is an arms company; and A 4 is a bicycle company. Three decision-makers d k (k = 1, 2, 3), whose weighting vector is e = (0.3, 0.4, 0.3) T , will be completely responsible for this investment. In assessing the potential contribution of each enterprise, three factors are considered: profitability (I 1 ), competitiveness (I 2 ), and risk affordability (I 3 ), whose weighting vector is w = (0.3727, 0.3500, 0.2773) T , and the characteristic information of the alternatives A i (i = 1, 2, 3, 4) with respect to the criteria I j (j = 1, 2, 3) given by decision- Tables 1, 2 , and 3. To abtain the best investment enterprise using the developed approach, the following steps are taken.
Step 1. Because all criteria I j (j = 1, 2, 3) are of a benefit-type, their values need not to be normalized.
Step 2. Utilize (15) Step 3. Utilize (16) Step 4. Utilize (6) to calculate the scores h(β i ) of the collective overall values β i of the alternatives A i (i = 1, 2, 3, 4):
Step 5. Rank all the alternatives A i (i = 1, 2, 3, 4) in accordance with h(β i ) (i = 1, 2, 3, 4): A 3 ≻ A 4 ≻ A 1 ≻ A 2 . Therefore, the best investment enterprise is A 3 .
For comparison purposes and for convenience, in the following steps, the IVIULWGA and IVIULHG operators proposed by Liu (2013b) are used to solve the above group decision making problem.
Step 1 ′ . See step 1 above.
Step 2 ′ . Utilize the IVIULWGA operator
to aggregate the criterion values of the line of the decision matrices R (k) and derive the individual overall evaluation values β (k) i of the alternatives A i (i = 1, 2, 3, 4) given by the decision-makers d k (k = 1, 2, 3): Step 3 ′ . Utilize the IVIULHG operator
to aggregate the individual overall evaluation values β )) is a permutation of (1, 2, 3) , and v = (0.2429, 0.5142, 0.2429) T is the weight vector of IVIULHG operator: Step 4 ′ . Utilize (6) to calculate the scores h(β i ) of the collective overall values β i of the alternatives A i (i = 1, 2, 3, 4):
Step 5 ′ . Rank all the alternatives A i (i = 1, 2, 3, 4) in accordance with h(β i ) (i = 1, 2, 3, 4): A 3 ≻ A 4 ≻ A 2 ≻ A 1 . Thus, the best investment enterprise is A 3 .
From the above calculations, it can be seen that the most desirable investment enterprise is the same, but the ranking results of the last two positions has changed. The reason for this is that the IIULWA and IIULHA operators focus on the impact of overall data, whereas the IVIULWGA and IVIULHG operators highlight the role of individual data.
Conclusions
In this paper, some additive operational laws of IIULNs have been defined and based on these, some new arithmetic aggregation operators, such as the IIULWA, IIULOWA and IIULHA operators have been proposed. Furthermore, various properties of these operators have been established. Moreover, it has been proved in the paper that the IIULHA operator overcomes some of the limitations of the IIULWA and IIULOWA operators. The IIULWA operator weights only the IIULNs, whereas the IIULOWA operator weights only the ordered positions of the IIULNs instead of weighting the IIULNs themselves, but the IIULHA operator weights both the given IIULNs and their ordered positions, and generalizes both the IIULWA operator and the IIULOWA operator at the same time. Furthermore, based on the IIULWA and IIULHA operators, a group decision making method with interval-valued intuitionistic uncertain linguistic information has been developed, which develops the theories of aggregation operators and linguistic multi-criteria group decision making. He has a first degree in physics, a master degree in forest management, and a doctor degree in management science and engineering. His main research interests include decision analysis and risk management.
Grupinio sprendimų priėmimo požiūris, paremtas intervaliniais intuiciniais neapibrėžtaisiais lingvistiniais kintamaisiais
Xin-Fan WANG, Jian-Qiang WANG, Wu-E. YANG Šiame straipsnyje nagrinėjamas grupinis sprendimų priėmimas, kai kriterijų reikšmės yra išreiš-kiamos intervaliniais intuiciniais neapibrėžtaisiais lingvistiniais skaičiais (IINLS). Apibrėžiamos sudėties operacijos su IINLS. Taip pat pasiūlyti tokie nauji aritmetiniai agregavimo operatoriai kaip intervalinis intuicinis neapibrėžtasis lingvistinis svertinis vidurkis (IINLSV), intervalinis intuicinis neapibrėžtasis lingvistinis sutvarkytasis svertinis vidurkis (IINLSSV), intervalinis intuicinis neapibrėžtasis lingvistinis hibridinis vidurkis (IINLHV). Pasiūlyti vidurkiai remiasi apibrėžtomis operacijomis. Pasiūlytas grupinio sprendimų priėmimo metodas, kuriame taikomi IINLSV ir IINLHV operatoriai. Pateikiamas metodo taikymo pavyzdys.
